Abstract: Using the superpotential approach we generalize Denef's method of deriving and solving first-order equations describing multicenter extremal black holes in fourdimensional N = 2 supergravity to allow non-supersymmetric solutions. We illustrate the general results with an explicit example of the stu model.
Goldstein and Katmadas [10] in turn observed that one could break supersymmetry, but still satisfy the equations of motion of five-dimensional extremal supergravity solutions with a four-dimensional Gibbons-Hawking or Taub-NUT base space, by reversing the orientation of the base. 1 By spacelike dimensional reduction these authors were able to obtain non-supersymmetric multicenter configurations also in four spacetime dimensions. Subsequently Bena et al. [12, 13] demonstrated examples of non-supersymmetric multicenter solutions with non-zero angular momentum and non-trivial constraints on the relative positions of the centers.
Meanwhile Gimon, Larsen and Simón [14, 15] , motivated by the form of the ADM mass formula, provided an interpretation of a single-center extremal non-supersymmetric black hole in the stu model as a threshold bound state (where the binding energy between the components vanishes) of four constituents, each of which is supersymmetric when considered individually.
Here, in the context of four-dimensional N = 2 supergravity with cubic prepotentials, we present another way of obtaining extremal non-supersymmetric multicenter solutions, which directly generalizes Denef and Bates's original supersymmetric derivation [3, 16] , and which is an application of the superpotential approach, so far employed for singlecenter solutions [17, 18, 19, 20, 21, 22, 23] . Figuratively speaking, this method consists in replacing the central charge in the equations governing the solution by a different, but typically very closely related quantity, known as the (fake) superpotential. To make the merger with Denef's formalism possible with minimal modification, we restrict ourselves to systems, which turn out to have constituents with mutually local charges.
Before explaining this technique in more detail in section 3, we will introduce the necessary concepts and notation in section 2. In section 4 we (re-)derive simple examples of non-supersymmetric solutions in the stu model: a single-center solution with non-vanishing central charge, first obtained by Tripathy and Trivedi [24] , and a multi-center solution, of the type conjectured by Kallosh, Sivanandam and Soroush [25] . We also mention how the BPS constituent interpretation fits into our framework. The final section 5 summarizes and discusses the results.
Differential and special geometry
In this technical section we are going to briefly recall some basic concepts of special Kähler geometry [26, 27] -the target space geometry of N = 2 supergravity [28, 29] -needed for finding single-center and multicenter charged extremal black hole solutions in four spacetime dimensions, following the formalism employed by Denef for the supersymmetric case. For a more exhaustive exposition we refer the reader to, for instance, [30, 31] and [32] .
We can look at the four-dimensional theory from a higher-dimensional perspective. 2 By compactifying six of the ten dimensions of type IIA string theory on a Calabi-Yau three-fold X (or, equivalently, type IIB on the mirror of X) one finds [36] an effective N = 2 supergravity theory, whose bosonic sector is described by the action
In this action the field strengths are defined as F I = dA I with the index I = (0, a) labeling the abelian gauge fields A I = (A 0 , A a ) of the gravity multiplet and, respectively, the vector multiplets of the theory. The vector multiplets are enumerated by the Hodge number h 1,1 = dim H 1,1 (X). Each vector multiplet contains two neutral real scalars, combined into a complex scalar: z a = X a + iY a . Hypermultiplets (and the tensor multiplet, which can be dualized to another hypermuliplet) do not play a role in our discussion, hence we have set them to zero. The compactification manifold X is characterized by its intersection numbers defined as:
where the set {D a } comprises a basis of H 2 (X) = H 1,1 (X). Using this quantity, we introduce for any ξ = ξ a D a the notation:
The scalar manifold is special Kähler with the metric:
This equation shows that g ab = ∂ a∂b K is a Kähler metric with the Kähler potential
In fact both the Kähler potential and the vector couplings N IJ (z,z) appearing in (2.1) can be calulated from a single function, the holomorphic cubic prepotential, homogeneous of second degree in the projective coordinates X I (such that z a = X a /X 0 ):
Many objects of relevance will be most naturally thought of as taking values in the even cohomology of the internal Calabi-Yau manifold X:
The even cohomology has dimension 2h 1,1 + 2 and each element E ∈ H 2 * (X) can be expanded as:
dV is the normalized volume form on X and {D a } is a dual basis of H 4 (X) such that:
We will make use of the following antisymmetric topological intersection product of two polyforms belonging to H 2 * (X): 9) where the action of the operator * on E is simply a change of sign of the 2-and 6-form components. The intersection product in terms of components then reads:
We define the period vector, an object belonging to H 2 * (X) that entails the quantities introduced so far:
A normalized version of Ω hol satisfying Ω,Ω = −i is:
(2.12)
The period vector Ω transforms under Kähler transformations with Kähler weight (1, −1) and we want its derivative to transform in the same way. To achieve this we define its covariant derivatives as:
The second relation expresses the covariant holomorphicity of the normalized period vector with respect to the Kähler connection.
Using the normalized period vector one can associate a new quantity, which we decide to call fake central charge function, to every element E ∈ H 2 * (X):
14)
The name "fake central charge function" is given because, when E encodes the electromagnetic charges carried by the vector fields, this object becomes the central charge function which, at spatial infinity, is the true central charge of the relevant four dimensional supersymmetry algebra.
With the definitions above, the set {Ω, D a Ω,DāΩ,Ω} constitutes an alternative basis of H 2 * (X). In fact one can prove the validity of the following equalities:
In this new basis a constant real element E ∈ H 2 * (X) can be expanded as:
Let us finally introduce the operator ⋄ acting on the basis elements in the following way:
Using this new operator one can define a positive non-degenerate norm on H 2 * (X, R) as:
3. Extremal black holes with a superpotential
Single-center black holes
Before generalizing to multicenter black holes let us consider the case in which all the electromagnetic charges are carried by a single center and let us assume spherical symmetry. All the quantities (scalars as well) depend thus only on the radial coordinate r or equivalently on τ = 1 |r−r h | . The ansatz for a static metric is:
with U = U (r) called warp factor. Requiring asymptotically flat metric imposes the constraint U r→∞ = U τ →0 → 0. The electromagnetic field strength F consistent with symmetries is:
with the components of the polyform
encoding the charges carried by the black hole (or, in the geometrical interpretation, numbers of D-branes wrapping even cycles of the compactification manifold X), which we could alternatively arrange in a symplectic vector Q = (p I , q J ). Under these assumptions, the total action (2.1) in terms of τ and per unit time can be recast in the form [37] :
Here we have neglected the boundary term proportional toU and used the shorthand notation Z = Z(Γ). The dot indicates differentiation with respect to τ and the effective black hole potential is given by:
The black hole potential (3.5) is a quadratic polynomial in the charges and can be expressed as V BH = Q T MQ with a certain matrix M. We have the freedom to perform transformations on the charge vector Q → SQ without changing the value of V BH . This freedom lies in the possibility to choose the symplectic matrix S among all those that satisfy [17] :
The sum of squares (3.5) is therefore not unique and one can more generally consider the effective action
with W , usually called the fake superpotential, not necessarily equal to |Z|.
Varying the action we obtain the following first order equations, by construction equivalent to the second order equations of motion:
8)
When W is equal to |Z(Γ)| (3.8) and (3.9) describe a supersymmetric attractor flow [38, 37] . (The name "attractor" stems from the fact that the flow has a fixed point determined by the charges, which is reached by the scalars as they approach the event horizon, i.e. when τ → ∞.) When W = |Z(Γ)| the flow is non-supersymmetric. The form (3.8) and (3.9) of the attractor equations emphasizes the gradient nature of the flow, but to be able to integrate them directly, another form is more suitable. In the supersymmetric case it follows from the rewriting of the action in yet another way [3] (but still as a sum of squares):
where Q τ = Im(∂ a Kż a ) and α = arg Z(Γ). Based on the similarity between supersymmetric and non-supersymmetric equations, we generalize this expression by replacing Γ with a different real element of the even cohomology of X, sayΓ. To retain the same form of the expansion (2.16) as that employed in supersymmetric solutions,
we limit our analysis to thoseΓ that have constant real components in the basis {D I , D J }.
We can arrange these them in a symplectic vectorQ = (p I ,q J ), whereQ = SQ, so that Γ = Γ(Q). Consequently, the matrix S is restricted to be real and constant. 3 WithΓ chosen in this way, we can identify the superpotential with the fake central charge function defined in (2.14), when evaluated forΓ as its argument:
It follows that
Denotingα = arg Z(Γ) we can write the effective action (3.7) as 14) and the attractor equations become, in complete analogy with Denef's original treatment of the supersymmetric case:
The form (3.15) of the attractor equations is suitable for direct integration and gives:
The explicit solution for the scalars is [16] : 19) where the entropy function Σ(H) can be obtained, as in the supersymmetric case, from the entropy of the black hole
by replacing the charges with harmonic functions. The question we are left with thus concerns the conditions allowing the existence of the constant matrix S. They may be met by truncating the theory to a suitable subset of the scalar fields. In particular for the stu model it has been shown to mean setting to zero the axion fields Re z a and considering magnetic or electric configurations [17] . This assumption is the same for the t 3 and st 2 models 4 and all models with cubic prepotentials. In this setting S turns out to be diagonal and acts on the charge vector without changing its electric or magnetic character.
In what follows we will assume the scalars to be purely imaginary and the charge configuration to be either (p 0 , 0, 0, q a ) or (0, p a , q 0 , 0) .
Multicenter black holes
For multicenter configurations the spherical symmetry assumption of the previous derivation is no longer valid and we have to consider more general, stationary spacetimes, by including in the metric an extra one-form ω = ω i dx i :
and taking U and ω i to be arbitrary functions of position x. We require asymptotic flatness by imposing U, ω → 0 when τ → 0.
Although the idea for obtaining the attractor flow equations remains the same (namely the rewriting of the Lagrangian as a sum of squares), the formalism becomes more involved. Following with some alterations reference [3] , we adopt the boldface notation for threedimensional quantities. The 3D Hodge dual with respect to the flat metric δ ij will be denoted by ⋆ 0 and for convenience we define w = e 2U ω. We also need to introduce the following scalar product of spatial 2-forms F and G:
where * is an operator acting on the elements of the even cohomology of X as defined below formula (2.9). The product just introduced is commutative and we can assume it to be positive definite taking w small enough. With this notation the effective action reads (dropping the total derivative ∆U ):
Generalizing Denef's derivation in the way we did for single-center black holes, we introduce the electromagnetic field strength corresponding to the modified chargesΓ:
4 It suffices to compare the BPS and non-BPS attractor solutions of the t 3 or st 2 model [17, 39] . As for the stu model, once we impose Re z a = X a = 0 and consider the magnetic or electric configuration, the solutions differ only by a switch of sign of the charges-one that would be effected by the matrix S in our treatment.
Consequently we definẽ
and write the Lagrangian of (3.23) in the form 5
Imposing the first order equationsG = 0 , (3.29) 
whereH is a generic H 2 * (X)-valued harmonic function. Since we are looking for non-BPS multicenter configurations considering N sources at position x n , it seems reasonable to take asH(x) a natural generalization of (3.17), namely: 33) with τ n = |x − x n | −1 andΓ n = Γ(S n Q n ), S n being constant matrices. To be able to speak of black hole composites, certain conditions need to be satisfied:
• A single-center non-BPS black hole of total charge Q and its corresponding attractor flow have to exist and be well defined (i.e. they have to be describable with the above procedure).
• For each center of charge Q n a single-center attractor flow has to exist as well.
• The charges must obey the constraints:
In addition we need to take into account a particular feature of the central charge Z, stemming from our assumptions regarding the charges: taking Q = (p 0 , 0, 0, q a ) or Q = (0, p a , q 0 , 0) and imposing Re z a = 0 reveals the central charge to have a constant phase. For instance, with Q electric the corresponding central charge reads
and with z a = iY a (where Y a ∈ R) it holds that e iα = Z |Z| = i. Note that this is true also forZ = Z(Γ) whenever the difference between Q andQ amounts to constant factors multiplying their components (as is the case when S is a constant diagonal matrix). Then, as a direct consequence of the constancy ofα, it follows in our treatment that dα = 0 and (3.30) in particular becomes:
A different form of flow equations
Let us bring the attractor equations (3.32) to a form more closely resembling the first order flow equations for the scalars and the warp factor (3.8, 3.9) . In view of this we define:
Let us differentiate (3.32) to obtain:
Taking now the intersection product of (3.39) with Ω yields: 40) and then:
Similarly taking the intersection product of (3.39) withDāΩ gives:
Equations (3.42)-(3.43) are the multicenter version of (3.8)-(3.9). Recalling our assumptions and in particular using Re z a = 0 we have:
Hence, withα n = arg Z(Γ n ), (3.41) becomes:
Im e −i(α−αn) W n dτ n , (3.45)
that isα =α n (mod π) for all n.
Angular momentum and positions of the centers
It is worth pointing out that equation (3.44) applied to (3.37) yields ⋆ 0 dω = 0, implying that the angular momentum J, read off from the metric components as (see e.g. [41] , ch. 19)
has to vanish and so the metric is in fact static. This is a remarkable difference with respect to the supersymmetric case, where, instead, the one-form ω enclosing the off-diagonal element of the metric is determined by solving equation [3] 
According to equation (3.45), the "tilded" central chargesZ = Z(Γ) andZ n = Z(Γ n ) have to be aligned either parallel or antiparallel. These are conditions analogous to those defining marginal or antimarginal stability in the BPS case. If we want to use the same terminology, this means that multicenter non-BPS systems described in this paper are marginally (or antimarginally) stable and can decompose into their constituents everywhere in moduli space. In the supersymmetric sector such a decay is for generic charge configurations possible only on a particular surface of the scalar manifold (the wall of marginal stability).
The relative positions of the sources in space are governed by the analogue of equation (7.23) in [3] :
In the supersymmetric sector one finds N − 1 constraints, which may even determine a nontrivial topology of the solution space [42] . Here instead, sinceα =α m (mod π) for all m implies Im[e −iα Z(Γ m )] = 0 and then This result in our context directly holds also for the charges Γ n , stating that they have to be mutually local with respect to the product (2.9). Indeed, to satisfy the condition of constancy of S, we chose to work with electric or magnetic configurations, which lead to mutually local electric or magnetic constituents. As a consequence, there are no constraints on the positions and the centers are free.
Non-BPS composites in the stu model
In this section we are going to apply the general procedure described above to the particular case of the stu model, as a concrete example. In this extensively studied model (see eg. [43] and references therein), arising in type IIA compactification on a T 2 × T 2 × T 2 , the scalar manifold is the homogeneous symmetric space
parameterized by the complex moduli z 1 ≡ s, z 2 ≡ t and z 3 ≡ u (corresponding to the complexified volumes of the tori). The prepotential reads:
The Bekenstein-Hawking entropy of a stu black hole with charge
to the unique invariant I 4 of the tri-fundamental representation (2, 2, 2) of the duality group (SL(2, Z)) 3 . Explicitly this invariant has the form:
Non-BPS black holes with Z = 0 satisfy I 4 (Q ℓ ) < 0.
Once we have chosen to deal with an electric charge configuration, 7 it follows that Q = SQ = (−p 0 , 0, 0, q a ) = (−p 0 ℓ , 0, 0, −q ℓ a ) and we can derive the non-BPS scalar solutions for single-center and multicenter black holes using the equations of our formulation.
In the single-center case we have to use the harmonic function (written here as a symplectic vector)H
where with h ∞ we have indicated the constant vector which at the end determines the value of the scalars at infinity. From (3.18), using Σ 2 (Q) = I 4 (Q ℓ ), we obtain the scalar solutions:
6 To match conventions used in some stu literature, we have introduced the vector Q ℓ , differing from Q by a sign reversal in the electric charges: q ℓ a = −qa. 7 For a more generic non-BPS charge configuration one can apply an SL(2, Z) duality transformation, see e.g. [14] .
and then
This, however, would not satisfy the condition (3.35) . A way to have supersymmetric centers is to relax the condition of existence of a regular black hole at each of the centers and to assign to each of them only one type of charge. The supersymmetry of such singular configurations will be unaffected by the matrices S n , which we now need to choose equal to the matrix S: their effect will be reduced to multiplication by a constant factor.
Conclusions
In this paper we extended Denef's formalism for multicenter black hole solutions in fourdimensional N = 2 supergravity on simple non-supersymmetric cases, using the fake superpotential method.
Our generalization requires the superpotential to be related to the central charge in a particular way (through a constant matrix S), which imposes some constraints on the charge configuration. It turns out to be a limitation, since already some single-centered cases for which the superpotential is known to exist would violate this assumption (cf. [17] ). To satisfy it, we worked with electric or magnetic configurations, which lead to mutually local electric or magnetic constituents.
Still, in the example of the stu model, for the single-centered case we recover the non-supersymmetric black holes previously derived in a different way by Tripathy and Trivedi [24] . The multicenter non-supersymmetric stu solutions that we find, apart from the constraints, correspond to the form conjectured by Kallosh, Sivanandam and Soroush [25] . Our approach allows also to resolve a single non-supersymmetric stu black hole into a collection of supersymmetric centers in a way consistent with the BPS-constituent model of Gimon, Larsen and Simón [15] .
More generally, the multicenter solutions that can be described by the method presented here are in a sense the simplest analogues of their supersymmetric counterparts, 8 yet exhibit different properties. In particular, similarly to non-supersymmetric solutions obtained by Gaiotto, Li and Padi [6] in the group-theoretical approach, but unlike in the generic supersymmetric case, the charges carried by the centers are mutually local and the angular momentum vanishes, rendering the solution static.
The following picture therefore seems to emerge, at least in the considered class of theories: supersymmetric black holes can be split only into supersymmetric composites and only at particular loci of their moduli space, namely on the walls of marginal stability (except for a decomposition into constituents with aligned charge vectors, which is always possible). Non-supersymmetric black holes, on the contrary, can be resolved everywhere in moduli space into a composite consisting of any number of non-supersymmetric centers at arbitrary positions, but also (as Gimon, Larsen and Simón demonstrated for the stu model) into a specific number of threshold-bound supersymmetric constituents (by combining the two descriptions, mixed cases would appear to be also possible).
We are aware, however, that the above summary is not complete. The results of Bena et al. [12, 13] obtained in the Goldstein and Katmadas's almost-BPS framework [10] demonstrate that non-supersymmetric composites may also comprise constituents with constrained positions. It would therefore be natural to see how the restriction of our method (specifically, the constancy of S) could be relaxed, and whether one would then obtain solutions with non-trivial angular momentum. Even more interesting, perhaps, would be to clarify the relationship between the various approaches employed to construct non-supersymmetric multicenter solutions (along the lines of [23] , for instance, where the superpotential for single-center black holes was obtained through timelike dimensional reduction) and find out whether any of the techniques or their refinements could eventually exhaust all possible classes of extremal solutions. A further step could be then an attempt to use them for non-extremal composites [44] .
